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Abstract 

We consider asymptotically anti de Sitter gravity coupled to a scalar field with 
mass slightly above the Breitenlohner-Freedman bound. This theory admits a large 
class of consistent boundary conditions characterized by an arbitrary function W. An 
important open question is to determine which W admit stable ground states. It has 
previously been shown that the total energy is bounded from below if W is bounded 
from below and the bulk scalar potential V{(j)) admits a suitable superpotential. We 
extend this result and show that the energy remains bounded even in some cases where 
W can become arbitrarily negative. As one application, this leads to the possibility that 
in gauge/gravity duality, one can add a double trace operator with negative coefficient 
to the dual field theory and still have a stable vacuum. 



Contents 



1 Introduction Q] 

2 Review of designer gravity and previous minimum energy theorem [3J 

3 Generalized minimum energy theorem US 

4 Existence of superpotentials [7] 

5 Fake super gravity [9] 

6 Scalar solitons [TT1 

6.1 Proving Conjecture 1 [13] 

7 Generalization to different masses and spacetime dimensions 1151 

7.1 A surprising minimum energy theorem [16] 

8 Discussion Q32 
A Proof of the minimum energy theorem 1211 
B Fake supergravity equations [23] 
C Spherical solitons [23] 



1 Introduction 

Motivated by gauge/gravity duality, there has been considerable interest in the stability of 
asymptotically anti de Sitter (AdS) spacetimes. We investigate this for a class of theories 
involving gravity coupled to a real scalar field. It is known that for standard (Dirichlet) 
boundary conditions, there is a positive energy theorem provided the scalar potential V{4>) 
can be derived from a "superpotential" P(<p) [BE]. When the scalar mass is slightly above 
the Breitenlohner-Freedman (BF) bound [3], there is a large class of consistent boundary 
conditions characterized by an arbitrary function W. An important open question is to 
determine which W admit stable ground states. In many cases, AdS itself is unstable, but 
there are static negative energy solitons which could be the minimum energy ground state. 
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In fact, these theories have been called "designer gravity" [3] since one can choose W such 
that the theory admits static solitons with any prescribed energies. 

A conjectured answer to the question of which W have stable ground states was given 
in jl] and will be reviewed in section 2. The following special case has been proven [5l E]: 
If W is bounded from below (and the scalar potential V(<f)) can be derived from a suitable 
superpotential), then the total energy of all solutions is bounded from below. In this paper 
we will first prove a stronger minimum energy theorem which allows W to be unbounded 
from below. We then show that modulo a plausible technical assumption, this improved 
bound is equivalent to the original conjecture in [3]. 

This result has a number of interesting consequences. For example, Ishibashi and Wald 
studied linearized stability of AdS with general linear boundary conditions depending on a 
parameter k [7]. They found that for masses just above the BF bound, there is a critical value 
of k such that AdS is stable if k is larger than this critical value but unstable otherwise. We 
will see that for a large class of potentials, including the simplest case of a purely quadratic 
potential V = A + |m 2 2 , there is a stable ground state for all k. 

As a second example, in gauge/gravity duality, boundary conditions determined by W 
correspond to adding to the dual field theory a new potential term involving W(0), where O 
is the operator dual to the bulk field 0. [HI E]. Our result shows that in some cases, one can 
add potentials which are unbounded from below and still have a stable ground stat^J This 
is spontaneous symmetry breaking, where the stable vacuum is shifted but not destroyed. 
More generally, our static solitons can be viewed as representing RG flow on the sphere rather 
than the more familiar RG flow in Minkowski space. The gravitational dual in the latter 
case is often singular at small radius unless the scalar potential has a second extremum. In 
contrast, the finite volume of the sphere regulates the RG flow, and one obtains nonsingular 
solutions even when V(<f>) has only one extremum. 

The fact that modifying the boundary conditions can lower the energy of the gravitational 
ground state has been seen even without a scalar field. Starting with AdS in Poincare 
coordinates, if one compactifies one spacelike direction (and allows antiperiodic boundary 
conditions for fermions) one has a negative energy solution known as the AdS soliton. It has 
been conjectured that this is the minimum energy among all solutions with these boundary 
conditions [10J. 

Although most of the paper will be focussed on which boundary conditions W lead to 
stable ground states, in section 7 we will show that even with W = 0, the question of 

1 At least the sector representing the dual gravity modes has a stable ground state. It is possible that 
there are instabilities not captured by the bulk metric and scalar field. 
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when there is a positive energy theorem can be very counterintuitive. We consider a simple 
potential V = —3 + |m 2 2 + A0 4 and show that for some m, the positive energy theorem 
holds only if A is less than a critical value. Increasing A will actually destabilize the ground 
state. 

This paper is organized as follows. In the next section we introduce the boundary con- 
dition function W, the idea of designer gravity, and state the conjecture for when a stable 
ground state exists. We also review the earlier proof that the energy is bounded when W 
is. In section 3 we generalize this proof to allow unbounded W . Sections 4 and 5 contain 
discussions of the needed superpotentials and their role in "fake supergravity" . In section 
6 we discuss the global solitons and relate the minimum energy theorem in section 3 to the 
designer gravity conjecture. For simplicity, most of the paper is focussed on four spacetime 
dimensions and one value of m 2 . Section 7 generalizes these results to higher dimensions and 
various masses. The final section contains further discussion. The appendix provides more 
details on the generalization to various masses and dimensions. 



2 Review of designer gravity and previous minimum 
energy theorem 

Consider Einstein gravity coupled to a neutral scalar field with potential V(4>), 



S = \J *xy/=g [R - (V0) 2 - 2V (</>)] . (2.1) 



We will set the AdS radius equal to one, and write the potential as V{4>) = — 3 + \m 2 (f) 2 + . . .. 
We will also assume V is even. We wish to study asymptotically (global) AdS 4, solutions, 
where the metric approaches 



dv 2 

ds 2 = r 2 {-dt 2 + dQ) + — (2.2) 

and <f> — > at large radius. In four dimensions, the BF bound is m 2 = —9/4. We are 
interested in masses satisfying 

m 2 BF < m 2 < m BF + 1. (2.3) 

Masses below the Breitenlohner-Freedman bound are unstable for any boundary conditions, 
and for m 2 > m 2 BF + 1, we have to use Dirichlet boundary conditions [3]. However, when we 



are within the window (2.3) we are free to impose very general boundary conditions. 
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For explicitness we will focus on the case m 2 = —2 which lies in the range (2.3), since this 



arises in supergravity and leads to simple asymptotic behavior for <fi. Our arguments apply 



to other masses satisfying (2.3) and other spacetime dimensions as we discuss in section 7. 
For m 2 = —2, the asymptotic behavior of <ft is 

a 8 . 
<P = - + - 2 + . • • 2.4 

where a and 8 can in general depend on the other coordinates. These solutions are normal- 
izable for all a and 8, but to have unique evolution, one must specify a relation between 
them. Familiar boundary conditions are a = (often called Dirichlet) or 8 = (often called 
Neumann), but one can pick any smooth function W(a) and set 

A key question is: for which W does the theory have a stable, minimum energy ground 
state? A conjectured answer was given in j3] which we now review. 

The ground state need not be AdS, but it must be a static, finite energy solution, i.e., a 
soliton. One expects the minimum energy solution to be spherically symmetric, so consider 



static, spherically symmetric solutions to (2.1). We will construct these solutions in section 



6. For now, it sufficies to note that for every choice of <fi at the origin, one can integrate out 



and obtain an asymptotically AdS solution. will satisfy (2.4) for some choice of a and 8, 
which must now be constant due to the symmetries. In other words, these solitons define a 
curve in the a, 8 plane. This curve depends on the potential V(</>), and in many cases one 
can represent it function ^ («)Jj Define 



W (a) = - / 8 (a)da (2.6) 
Jo 

This is independent of boundary conditions. Given any boundary condition W, define 

V(a) = W(a) + W (a) (2.7) 

Note that at an extremum of V, W + Wq = and so there is an a with 8 — 8q. In other 
words, there is a soliton which satisfies the boundary condition. It was shown in j3] that 
the total energy of the soliton is simply the value of V at the extremum. Conversely, given 
any function V(a) (with V(0) = 0), if one sets W = V — Wq then the theory with boundary 



2 This is always true for small a, but for large a the curve might double back and not yield a single valued 
function of a. We will consider potentials for which this does not happen. Examples will be given in section 
6. 
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condition given by this W will have solitons at each extremum of V, with masses given by 
the value of V at the extrema. It was for this reason that these theories were called "designer 
gravity" . 

The following two conjectures were made in [I]: 

Conjecture 1: The theory with boundary condition /3 = dW/da has a stable ground state 
provided V has a global minimum V m in- 

Conjecture 2: The minimum energy solution is the spherical soliton associated with V m i n . 

The solution with minimum energy is expected to be static and spherically symmetric. 
Since there is a static, spherical soliton with energy V m j„, conjecture 2 is very plausible. We 
will prove conjecture 1 in section 6 modulo a reasonable technical assumption. 

It was shown in j5j [6] that if W itself is bounded from below (and V(0) can be derived 
from a suitable superpotential), then the energy is bounded below by the minimum of W. 
Conjecture 1 is stronger, since Wo(aO typically grows with a. At the time the conjecture 
was made, only one potential was studied in detail, and for that, Wq ~ \a\ for large a. This 
allows only a limited class of unbounded W to still have a stable ground state. We will see 
that typically, W ~ |a| 3 . 

We now briefly review the proof that the energy is bounded when W is. In the next 
section we will show how to extend it to cases where W is unbounded from below. One first 
introduces a "superpotential" P(<j>) satisfying 

"(«- i O'- u ' (2 - 8) 

Near = 0, the authors of [5j [6] assumecj^] 

P(0) = l + ^> 2 + O(0 4 ) (2.9) 
Following Witten [11] , one now introduces a modified covariant derivative on a Dirac spinor 

v M tt = v„tt + ip($r M tf (2.io) 

and defines the Nester two-form [12] 

= $r [fl r v r p] v p * + h.c. (2.11) 

Given a spacelike surface S with boundary C, let \l/ be an asymptotically constant solution 
to Witten's equation: 

r*Vi* = (2.12) 

This was called P- in [5]. There is also a solution P + = 1 + <i> 2 /2 + O(0 4 ), but it was shown in [5] that 
this superpotential does not lead to a minimum energy theorem when a^O. 
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where the index i runs only over directions tangent to S. We further require that — ^r M \l/ 
approach d/dt asymptotically. Such solutions were shown to exist in [T4"t [5]. The spinor 
charge 



Q 



B 



(2.13) 



c 



can now be written as a manifestly positive volume integral over £, so Q > 0. The last step is 
to relate Q to the total energy of the spacetime. When a^O, there are scalar contributions 
to the total energy which must be taken into account. Choosing C to be a cut at constant t 
for simplicity, it was shown in [6j that 



E = Q+ l[W{a) + a/3] + lim / 
J r ^°° J 



-rot 



2r 3 (P- 1) 



(2.14) 



where the r dependence has been written explicitly and the integrals are over unit spheres 
at large r. Plugging in the form of P (2.9) and asymptotic behavior of <fi (2.4) the divergent 
terms cancel and one obtains 



E > <b W > 4tt inf W 



(2.15) 



Thus, the energy is bounded from below for all bounded W. 



3 Generalized minimum energy theorem 

We now want to generalize the above theorem to allow W which are unbounded from below. 



The idea is simply to note that the ansatz for the superpotential (2.9) is too restrictive. The 



equation for P{4>) (2.8) allows a one parameter family of solutions [13] . In fact, for small 



P s (0) = l + ^ 2 -^|0| 3 + O(0 4 ) (3.1) 



is a solution for any constant s. While this is not analytic^] at = 0, it is still C 2 and so 



satisfies (2.8) at the origin. Further, P and P' are continuous at the origin which is all that 
is required in constructing the spinor charge. If P s exists globally, we can repeat the above 
argument with this P, and obtain 



E > 



j[W+ S -\a\*} (3.2) 



So as long as W(a) + s|a| 3 /3 is bounded from below, the total energy will be also. It is 
no longer necessary for W itself to be bounded. A key question is for what range of s will 



4 Supersymmetry requires an analytic superpotential, but supersymmetry is playing no role in our analysis. 
In particular, even when V(<p) arises from a consistent truncation of supergravity, our boundary conditions 
will typically break supersymmetry. 
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solutions P s exist globalljQ' We will explore this in the next section. We will see that for 
most potentials V(0), P s does exist globally up to a critical value s c > 0. Thus we get 



E > 4vr inf 



W{a) + -s c 



(3.3) 



Even in cases where s c < (see section 7.1 for an example), (3.3) provides a minimum energy 
theorem for boundary conditions W such that the right hand side remains bounded from 
below. 

To relate this improved minimum energy theorem to the conjecture in section 2, we need 
to first show that the potentials P s exist, and then show that the function Wo(a) obtained 



from the solitons grows like |s c 
sections. 



a 



for large a. Both will be established in the next few 



4 Existence of superpotentials 



The defining equation for a superpotential V(4>) = 2P' 2 — 3P 2 can always be solved pertur- 
batively near = 0, but the question of global existence is harder. For definiteness, we will 
consider > below. To define P for < 0, we require P be even. Since we want P to 
approach (3.1) for small 0, we must choose the positive square root and solve 



P'(0) 



3P 2 | V{(j>) 



(4.1) 



It will prove useful to rewrite the differential equation in terms of y = P' and using the 
fact that P = ^2P' 2 /3 - V((j))/3: 



2 



3^(0) 



(4.2) 



Ay V 2 4 

Since this is a first order differential equation, we know that solutions never cross except at 



singular points. Eq. (3.1) tells us we are interested in solutions that vanish near = 0, 



y 



+ 



(4.3) 



2 2 

Given how s enters the minimum energy theorem, we now are interested in what the largest 



value s c of s so that P(4>) exists for all 0. Due to the nonlinear nature of (4.1 ) and (4.2), the 



5 There is also the question of showing that asymptotically constant solutions of Witten's equation exist 
with these superpotentials. We believe that the proof in [51 Q3] will carry over to this case, but have not 
checked this in detail. 
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exact value can only be found numerically. However we can make some general statements. 
P will exist for all <fi unless P' = 0. Since solutions to (4.2) never cross, if a solution Pi 
exists globally with some value s = s\, then all solutions with s < s\ exist globally as well. 
So we can algorithmically find s c by numerically solving (4.1) or (4.2), starting from = 0, 
and increasing s until P no longer exists globally because P'{4>) reaches zero. 

Generically, P' vanishes at a value 0o where V ^ 0. In this case, 3P 2 /2 + V(<p)/2 vanishes 
linearly, so P' vanishes but P" diverges. One can solve for P near O to obtain 

P = v / -^(0o)/3 ± v/-2y'(0 o )/9(0o - 0) 3/2 + . . . . (4.4) 

Note that when considering the contour (0, P'), these two branches meet smoothly, as can 
be seen in figure [T] This solution does not exist for <fi > <po since the quantity inside the 
square root in ( |4.1[ ) becomes negative. 

If V has a second extremum V{4>ir) — ~ < 0, V'{4>ir) = 0, it is possible to have 
P'i&m) = and P"(</>ir) finite. Indeed if we expand (2.8) around this extremum, 

Pi R =S(l + ^-M 2 + -.) (4.5) 



where 




(4.6) 



If 4>ir is a local minimum, V"((/)ir) > 0, then A+ 1 > 0, A_ < 0. If we assume the global 
existence of the curves P± R (which appears to be generic in potentials with two extrema) 
then P[ R = P c , because any P with larger s cannot intersect P± R and therefore P' must 
vanish before 4>m, and therefore does not exist globally. For a clear example of this, see 
figure [Tj 

For s < s c , the curves run off to extremely large values of P, P'. For these solutions 
P 2 , P' 2 ^> V, and the bulk potential in (2.8) becomes irrelevant. The solution for large 
then becomes 



P(0) = P oo eV3/20 + .... (4?) 

If we have an unbounded potential which grows exponentially, there is also an asymptotic 
solution where we cancel the leading term in V. If we assume V = —Voe b< ^ + . . ., then we 
find 

i '=\S et * /2+ -- (4 - 8) 

This implies that if b > Vd, it is impossible to solve (2.8) for large <p an d no P can exist 
globally. We now will show that any P s curve corresponds to a planar, boost invariant 
solution to the Einstein-scalar theory. 
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p' 0.0 




V=5/2-6 Cosh(0/V2")+Cosh(V2"<^)/2 





/ 


I 


* 




J 







Figure 1: Solutions to (2.8). Blue curves are generic solutions. The black dashed line is P c , 
the solution with the largest value of s c which exists globally. The green and purple dotted 
lines are P± (see footnote 3). For V = -3 - 2 , s c = 0.52. For V = 5/2 - 6 cosh(0/ v / 2) + 
cos h( v / 20)/2, which comes from a consistent supergravity truncation [To] , s c = .56. The 
orange dashed curve in the right plot corresponds to P! R (recall P_ = P c .) The gray region 
in the right plot is where IP' 2 — V < and therefore P is not real. 



5 Fake supergravity 

Consider boost invariant planar solutions to our Einstein-scalar theory of the for 

dv 2 

ds 2 = r 2 (-dt 2 + dxidx 1 ) + — - (5.1) 

g{r) 

and <f) = 4>{r). The constraint equations give an algebraic equation for g which we can then 
eliminate from the equation for <fi to obtain: 

2r 2 V(0) ,„ 40' r0' 3 V^) ( 3 0' 2 \ 

It was noticed in [161 E] that when the potential V(<ft) can be derived from a superpo- 



tential P as in (2.8), the second order equation of motion can be reduced to a first order 
equation: 

0,(r) = "^|!f' 4(r)=r 2 P(0(r)) 2 . (5.3) 

This means that any superpotential generating our bulk potential V corresponds to a special, 
boost invariant planar solution of the Einstein-scalar model. Since our boundary conditions 



6 This is not the standard metric ansatz used in [161 117) but we will use it to more easily compare to the 
global solitons in the next section. 
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require — >■ as r — >■ oo, the behavior of P s near = (3.1) dictates the asymptotics of 
and g. Assuming a > (general formulas are given in the appendix) 



a sa 2 9 a 2 4sa 3 .„ 

r + ---> ^ = ^ + v _ ^ + --- ( 5 - 4 ) 

r r z I or 



The first order equation (5.3) actually yields a one parameter family of solutions which can 
all be obtained by just rescaling r — > cr, g — > c 2 g. It is this scale invariance of the equations 
of motion which fixes the form of the curve (3(a) = —set 2 for these planar solutions. 

In general, the energy density for planar solutions is E/V = M + a(3 + W(a) where 
—Mo is the coefficient of the 1/r term in g. (Note the close analogy to the energy of the 



global solitons [I].) Using (5.4) and (3(a) = —sa 2 we see that the solution obtained from P s 
has energy 

E sa 3 

y = ^ + W- (5-5) 



Note that the solution corresponding to P c saturates an energy bound analogous to (3.3) 
for planar solutions. Solutions corresponding to s < s c would violate the bound, so they 
must have an interior singularity. This singularity must be such that there is no boundary 
condition on the spinor near the singularity which would make the boundary term in the 
spinor charge vanish. (Such boundary conditions are known for black hole horizons [IS].) 
As shown in the last section, for s < s c one typi cally finds that P blows up exponentially as 



P = Pooev 3 / 2 *. In this case, one can solve (5.3) and find 



0=-v / 61og(r/r o ), 9 = ^ (5.6) 

The scalar curvature diverges, R = QP^Tq/t^. Ingoing null geodesies reach r = in finite 
t and so it is a naked singularity. Therefore runaway P fake supergravity solutions are not 
physical. 

One can ask if anything drastic occurs when P' vanishes away from an extremum of the 
potential. However it is easy to calculate that and g are smooth across P' = 0. 4>(r) 
simply has a local maximum there. One can in fact use the fake supergravity equations to 
interpret figure [I] as contour plots made from boost invariant solutions with different values 
of s = — (3 /a 2 . From this it is clear that such solutions will also have naked singularities, as 
the curves of P' run off to negative infinity. 

The only known case which does not have a singularity at small r is the case where V 



has a second extremum. In this case, P c = P IR and (4.5) implies 



- o m r -+..., g = —r + 6 IR — - — r - + ... (5.7) 



10 



which means that the small r region of the solution is simply AdS with a shifted cosmological 
constant. Therefore the solution corresponding to P c , the ground state for the system, is a 
domain wall0 

In cases where the bulk potential does not have any other extrema, one may ask what the 
fake supergravity solution corresponding to P c corresponds to. This will in general depend 
on the form of the potential, but let us study as an example the case of a pure mass term, 
V = _ 3 + ^3)^ From examining figure [l] it is clear P' c w const., and expanding ( |2.8[ ) at 



large we find 

P c = ^ A( J_~ A) + O(l/0), (5.f 



which means from (5.3) that the behavior near r = is 

= 2v/-log(r) + ..., ^= 2A(A ~ 3) r 2 log(r) + ... (5.9) 

This is exactly the same behavior which arises in the zero temperature limit of the "large 
charge" hairy black holes found in [19jj^] This is a null singularity, and since it is the zero 
temperature limit of regular AdS black holes, it should be considered a physical state [20J . 



6 Scalar solitons 

Consider the most general spherically symmetric or plane symmetric static metric, 

dv 2 

ds 2 = -f(r)dt 2 + — + r 2 d£l k} = 0(r), (6.1) 
g(r) 

where dQ k is the metric on a S 2 with scalar curvature 2k (a unit S 2 has curvature 2.) The 



k = limit gives a metric on IR 2 . The equations of motion that follow from (2.1) with this 

ansatz are 

9 f , ±12 n 

7 + rep =0, 

9 f 

g' f 2rV(6) 2 2k 

- + i J + — + = 0, 

9 J 9 r rg 

2 



.£ + f)f-m =0 . (6 . 2) 

r 2g 2fJ g 



7 In terms of gauge/gravity duality, this describes the RG flow of the original CFT perturbed by a relevant 
perturbation to a different IR CFT. 

8 This is because in that case the charged matter removed the electric field from the singular horizon and 
it is effectively neutral. 
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Recall that for our case of interest, m 2 = —2 means V(0) = —3 — <p 2 + 0(0 4 ). We can 
work out a large r expansion to our equations of motion, yielding 



= a /r + (3/r 2 + ... 

g = r 2 + (k + a 2 j2) - M /r + ... 

f = r 2 + k- (M + 4a(3/3)/r + ... (6.3) 
where a, (3, and M are undetermined constants. We wish to construct static scalar solitons 



(with k 7^ 0). Smoothness at the origin implies g = k + ...,(fi~(j)o + -- - Solving (6.2) near 
the origin gives 

, , , H0o) 2 , 

= 0o + 6fc r + ... 

q = K r + . . . 

y 3 

/ = /.-A^r" + ... (6.4) 

Since we can always rescale / (and t) so that it asymptotes to r 2 + . . . at the boundary, 
we are left with a one parameter family of static solitons found by varying 0o- From this 



we can read off a and (3, and define Po(a). Usually this requires numerically solving (6.2), 
but in the limit of small <fi and correspondingly small a, f3 we can solve it analytically. The 
perturbative solution is 

9ab = + 0(5 2 ), = 5^^1 + 0(5% (6.5) 

and therefore 

A, = -~a + 0{a 3 ). (6.6) 

7T 

The full nonlinear calculation was done in jl] for a specific potential, V = — 2— cosh(y / 20). 
It was found that /3q — > 0.71 as a — > oo. What we have found is that this is a special case 
of more general behavior, where as a — > oo we asymptote to a scale-invariant relation 
f3 ?z —s w a 2 and we find in all cases that s w = s c . The supergravity truncation studied 
previously was a special case where P = P c and therefore s w = s c = 0. Let us review 
this truncation and a simple generalization. We begin with the consistent truncation of 
J\f = 8, D = 4 supergravity to gravity and three neutral scalars 



S = - I </'.>' v'-</ 



R - J^(V^) 2 + 2 cosh(V2^) 



i=l i=l 



(6.7) 
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The previously studied truncation set (f2 = y?3 = 0. For this truncation there is an analytic 
formula for P_ = cosh(</>/ y/2). We find numerically that no P s with s > exists globally for 
this potential, and so in this case s c = 0. However this is a special case of a more general 
truncation, 

1 



<P! = N(f), ip 2 = bN(f), v? 3 = cN(j), N 



Vl + b 2 + c 2 



which gives (2.1) with 

V = - cosh(v / 20/A^) - cosh(bV2(p/N) - cosh(cv / 20/A^) 



+ 



(6.8) 



(6.9) 



We find that generically s c > 0, and the limit b = c = is a special case where s c — > 0. 
Unfortunately, only in the case b = c = are we able to find an analytic formula for P c . 
In figure [2] we provide plots of (3q for various potentials, and verify s w = s c . 

































\ 




Figure 2: Plots of (3o(a) for various bulk potentials. All soliton curves have the same 
linear behavior at small a and have asymptotic scale invariance 0q = —s w a 2 . The left 
figure is for V = — 3 — 4> 2 , s w = 0.52 (solid) and the potential used in [TBI V = 5/2 — 
6 cosh(</>/\/2) + cosh(y / 20)/2, s w = 0.56 (dashed.) The right figure is for (6.9) with for 
b = c = 1, 0.5, 0.25, 0.1 (solid), b = c = (dashed.) We find that as b, c — > 0, s w = s c — > 0. 



6.1 Proving Conjecture 1 

We now relate the generalized minimum energy theorem in section 3 to conjecture 1 in 
section 2. We start with two preliminary results. Since V is even, we can choose 0(0) > 
without loss of generality. We first show that <p(r) monotonically decreases to zero. Since 
1^(0) is a local maximum, V < for small positive (p. If there is no other extremum, V < 
for all positive <fi. If there is a second extremum at <pi, then solutions which approach zero 
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asymptotically must have (f)(0) < <p\. (This is because (6.4) shows that if 0(0) > 0i, it will 



start increasing away from the origin and (6.2) implies that cannot have a local maximum 



when V > 0.) In either case, V < over the region of interest. Thus from (6.4), 0(r) starts 



to decrease near the origin and from (6.2), cannot have a local minimum or inflection 



point. Hence it must be monotonically decreasing. 

We next show that if Wq{oi) = ^s w \a\ 3 for any constant s w , then s w > s c and the 
coefficient of the 1/r term in / vanishes. If we choose boundary conditions W(ct) = —Wo (a), 
then all solitons satisfy our boundary conditions. Since we have a one parameter family of 
static solutions, and static solutions are extrema of the energy [22], all solitons have the 
same energy. Since the solitons approach AdS as 0(0) — > 0, the total energy must be zero. 



Thus the new energy bound (3.3) implies 

W (a) > ^s c \a\ 3 (6.10) 

and hence s w > s c . Since the energy of the solitons is proportional to M + a/3 + W we also 
learn 

M + a/3- W = (6.11) 



The coefficient of the 1/r term in / (from (6.3)) is -(M + 4a/3/3) = -(a/3/3 + W ). So if 



Wo(a) = |s w |a| 3 , /3 = — s„,a|a| and this term vanishes. 

We can now proceed to the main argument. We are interested in the behavior of Wo(a) 
for large a. To extract it, we rescale 

a = ca, r = cp, <j>{cp) = 0(p), g(cp) = c 2 g(p), f(cp) = c 2 f(p) (6.12) 

We are interested in the limit of large c keeping a fixed. Substituting this into the equations 



of motion (6.2) we see that if <f)(r),g(r), f(r) is a solution to the equations with k = 1, then 
4>(p), g(p), f(p) satisfies the equations with k replaced by k = 1/c 2 . So in the limit of large 
c, we expect to approach a solution of the planar equations with k = 0. We now assume this 
is the case: 

Technical assumption: The limit k — > is not singular, i.e., we can expand </> = 0^°- ) + 
kcf)^ + . . ., and similarly for g and f. 

For nonzero k, the soliton solution depends on two scales, k and a. In the limit k — > 0, 
(f)^ depends only on a. This means that in this limit, Wo must take the scale invariant form 
W = f<Su,|a| 3 for some constant s w . 

It follows that (j)^ must be a boost invariant solution of the planar equations and hence 
determined by the superpotential as in section 5. This is because the general translationally 
invariant planar solution depends on two constants, which appear in the 1/p expansion of 
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the field equations at large p. But we showed above that the free constant in / vanishes 
whenever Wq is cubic. Thus / approaches p 2 in the limit. 

To complete the argument, we now use the fact that boost invariant planar solutions 
are given in terms of the superpotential P s . But if s w > s c , the superpotential does not 
exist globally. P' changes sign at some 4> max which means that <f>(r) has a local maximum. 
But the global solitons cannot have a local maximum. Furthermore, the corrections between 
the global solitons and planar solutions do not show up until p ~ 1/c whereas the local 
maximum occurs at an p independent of c. This contradiction shows that s w = s c and hence 
the generalized minimum energy theorem is equivalent to conjecture 1. 

Proving conjecture 2 will require a different approach. One problem is that in the inequal- 
ity for the spinor charge, equality holds only when there exist spinors satisfying Vi^ = 0. 
This might be satisfied for the planar domain walls, but cannot hold for the spherical soliton. 



7 Generalization to different masses and spacetime di- 
mensions 

We have focussed on asymptotically AdS$ solutions with m 2 = —2 for definiteness and 
simplicity. In this section, we show how the argument that there is a stable ground state 
for some unbounded W extends to other masses and spacetime dimensions. Consider the 
following action in d + 1 dimensions 



S = \J d d+1 x^~g [R - (V0) 2 - 2V(4>)] . (7.1) 



with potential V{4>) — —\d(d — 1) + \m 2 ^ 2 + . . . where the mass again satisfies (2.3) with 



m 



BF 



-d 2 /A. 



The asymptotic behavior of is 



^a7 + ^a^ y'- 2 ! 



where 



d d 2 

Boundary conditions are again described by an arbitrary function W(cx) with f3 = W'(a). 
To establish a minimum energy theorem, one introduces a superpotential P(4>) satisfying 
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Near = 0, 

for any constant s. Note that since A_ < d/2, P s is C 2 . When P s exists globally, one can 
use it to prove a generalized minimum energy theorem, 

E > i"[(A + - A_)W + ^ A -( A +- A -) | a |d/A-] (7 . 6) 

(The details of the proof are given in the appendix.) So as long as the integrand is bounded 
from below, the total energy will be also. As before, the key remaining question is for what 
range of s will solutions P s exist globally? One can again show that for most potentials 
V((j)), P s does exist globally up to a critical value s c > 0. Similarly we find that for static 
global solitons, assuming a well behaved large a limit, 

Wo = S -^\a\ d ^- + ... (7.7) 

then the large a limit turns global solitons into the boost invariant fake supergravity solution 
corresponding to P c . Therefore W + W is bounded when W + ^-j = -\oi\ d ^ A ~ is bounded and 
our minimum energy theorem proves conjecture 1. 



7.1 A surprising minimum energy theorem 

We now discuss a curious feature which occurs when the dimension A_ of the operator O 
dual to is close to the unitarity bound. This feature is only present for d < 3. For example 
in d = 3, where the unitarity bound is A_ > 1/2, we will see that the nature of the bulk 
potential required for a minimum energy theorem changes drastically (as a function of A_) 
when A_ = 3/4. Interestingly this is exactly when the multitrace operator O 4 in the dual 
theory becomes relevant. The minimum energy theorem we refer to in this section is for 
boundary conditions (3 = and thus relates to the global existence of P_ or equivalently to 
the requirement that s c > 00 

For example consider an arbitrary scalar potential with an expansion about = 0, 

V(d>) = -3 + ^m 2 2 + -^ + ... (7.8) 

Normally, the superpotential P_ exists (and hence a positive energy theorem can be proved) 
if A is larger than a critical value A c (see, e.g., [23J). However, when A_ is smaller than 3/4, 

9 Recall that a positive energy theorem can exist even if _P_ does not exist, however it requires special 
boundary conditions W ^ which regulate the effective potential. 
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the situation is reversed. A positive energy theorem exists only if A is smaller than some 
critical value! 

To see this, we solve V = 2P' 2 — 3P 2 for the superpotential P_ for small <ft. Since we are 
setting W = 0, we take s = 0. Expanding to O(0 4 ), the solution is 

1 A_ - 4A + 3A 2 
1 H — ^4> 



P_ 



32(4A_ - 3) 



+ . . . 



(7.9) 



So for A_ > 3/4, increasing A increases the coefficient of the c/> 4 term and makes it less likely 
that P' will vanish. However, for A_ < 3/4, increasing A decreases the coefficient of the 4 



term making it more likely that P' will vanish. From (7.3) this will be the case for m 2 close 
to m 2 BF + I. 

To illustrate this, in Fig. 3 we show the curves of P' vs. </> for the case A = 3/5 < 3/4 
with two different values of A and no higher order terms in (7.8) . Since we have set s = 0, 
we are interested in the P_ curve indicated in purple (dotted.) The blue curves correspond 
to nonzero values of s. In the first case, A > and the P_ curve crosses the axis before the 
second extremum, showing that there is no minimum energy theorem. In the second figure, 
A < and there is a minimum energy theorem. 



0.2 
0.1 
P' 0.0 
-0.1 



V = -3 + 1/2 A(A-3) (p 1 + A/4 4 



V = -3 + 1/2 A(A-3) (p 2 + A/4 4 



-0.2 











1 '/ ' / 1 

/ 1 


111 




1 j 




// 
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1.0 1.2 1.4 




Figure 3: Plot of P' analogous to Fig. 1 for a 4 potential with A = 3/5 and two values of 
A. (left) The P_ curve crosses the axis before the second extremum, showing that there is 
no minimum energy theorem for Neumann boundary conditions, (right) Here the P_ exists 
globally and there is a minimum energy theorem for Neumann boundary conditions. Because 
in this case A is negative there is no second extremum in this potential however the critical 
curve P c still exists. 



The exact critical value A for which the minimum energy theorem is lost depends on 
details of the potential and on A_. However we can make the condition on A more precise 
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by studying the behavior of s c as a function of A_ close to A_ = 3/4. The generalized 
superpotential is, 



P c = 1 + 



A_ 



, c A - (3 : 2A -» itf^- 

o 



+ 



4A + 3A 2 
32(4A_ -3)' 



+ . . . 



(7.10) 



Since P c must be globally defined, the pole at A_ = 3/4 in the 4 term must be canceled 
by the |0| 3//A_ term when we take the limit A_ — > 3/4. This will only occur if s c (more 
generally any P s must have this property) also has a pole, 



2[A + (3/4) J 



+ . . . 



(7.11) 



3(4A_ - 3) 

Thus for A_ close to 3/4 the critical value of A approaches A c = — (3/4) 3 such that the 
existence of a positive energy theorem boils down to the requirement that (A + (3/4) 3 ) x 
(A_ — 3/4) > 0. We illustrate this in Fig. 4 where s c is plotted as a function of A_ for two 
different values of A. 




Figure 4: Plots of s c as a function of A_ for two different choices of A. The solid red curve 
is for A = 1 and the dashed black curve is for A = —1/2. Recall that the condition for a 
minimum energy theorem with /3 = boundary condition is s c > 0. Close to A_ =3/4 the 



behavior of s c is determined by the pole in (7.11). The sign of the coefficient of the pole is 
different for the two cases presented here. 



It is likely that the existence/non-existence of a minimum energy theorem is at the heart 
of the behavior observed in Section II B of (23] where the asymptotic behavior of their B(A) 
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curves (analogous to the /3(a) soliton curves in Section B) changed dramatically as they 
tuned across the point A_ = 3/4. 

Note for higher space-time dimensions, say d = 4, there are no multi-trace operators of 
the form 2n for n > 1 that can become relevant while obeying the unitarity bound. (The 
operator O 2 is always relevant when A_ < d/2.) Thus the above feature is not present in 
higher dimensions. While in d = 2 since the unitarity bound is A_ > there are potentially 
an infinite set of multi trace operators 2n which can be relevant as we move towards A_ = 0. 
There will be similar behavior as that discussed above; each time a new multi trace operator 
becomes relevant s c switches sign (via a pole) and the term in the expansion of the bulk 
potential \2n4> 2n determines the behavior of s c close to this pole. 



8 Discussion 

We have considered gravity coupled to a scalar with mass close to the BF bound and proved 
a generalized minimum energy theorem (section 3). This shows that the total energy re- 
mains bounded from below even in cases when the function W(a) determining the boundary 
condition becomes arbitrarily negative. Modulo a plausible assumption about a planar limit, 
we showed in section 6 that our result establishes a conjecture made in [I]. 

We also saw in section 6 that for small <fr, the soliton equations can be solved exactly, and 
yield 0o(a) = —2a/^. This is equivalent to a result by Ishibashi and Wald [7] who studied 
linearized stability of AdS with linear boundary conditions /3 = na. They found that AdS 
is stable for k > —2/n and unstable for k < — 2/tt. (The static soliton lies on the boundary 
of these two regiemes.) We now understand the nonperturbative situation with boundary 
condition = k«. If the potential V(<p) is like the ones considered in Fig. 2, then there is a 
stable ground state for all k. If the potential is like the ones on the right side on Fig. 2 with 
b close to a/2, then for some k, AdS is stable, but there is still a lower energy ground state! 

We now discuss a couple of easy generalizations of the minimum energy results above. 
First, one can choose the solution to Witten's equation such that asymptotically, —tyr^ty 
approaches the timelike Killing field (d/dt)+Qd/d(p for any < 1. Repeating the argument 



leads to inequalities analogous to (3.3) and (7.7) with E replaced by E — \ J\ where J is the 



angular momentum associated with the rotation (p. 

As a second generalization, we have discussed gravity coupled to a real scalar, but the 
extension to a charged scalar is straight-forward. The spinor charge remains positive if we 
couple gravity to any matter satisfying the dominant energy condition {T VLV tH v > for all 
timelike t M ,t^). The action for a charged scalar satisfies this except for the possibility of a 
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potential term which is only a function of \<f>\. By modifying the covariant derivative on the 
spinor as we have done here, one can take care of the potential and obtain a lower bound on 
the energy. 

A third possible generalization is to saturating the Breitenlohner-Freedman bound. In 
[5] , the authors found that in the limit where the bound is saturated, an additional divergent 
term appears which ruins the minimum energy theorem when using P_. However, the limit 
of (7.5) will give an additional term of order 2 log(0) in P, which can perhaps be used to 
cancel the divergence. 

We now turn to implications of our result for the dual field theory. One of the main 
corollaries of the energy theorem that we have discussed in this paper is the possibility of 
deforming the theory with boundary conditions which destabilize AdS yet still have a stable 
ground stat^°| For example, deforming by a (relevant) double trace operator |(9 2 with 
negative coefficient k < (corresponding to linear boundary conditions (3 = Ka), will yield 
a symmetry breaking ground state. Since the deformation does not explicitly break the 
Z2 symmetry O — > —O the breaking is spontaneous. The operator O gets a vev in the 
new ground state which scales like (— K ) A -/( d - 2A -). This is fairly natural thing to do in a 
CFT, a classic textbook example being the Wilson Fisher fixed point. More generally our 
energy bounds (3.3) and (7.7) allow for the inclusion of all relevant multi-trace operators 
with arbitrary coefficient. This includes for d = 3 and A_ < 3/4 the operator 4 , thus 
providing an example of a set of deformations analogous to that of a tri critical point. 

More generally, one can apply this analysis to a complex scalar field in the bulk dual to a 
complex operator O. A double trace deformation with negative coefficient now spontaneously 
breaks a U(l) symmetry. The existing constructions of holographic superconductors [27] 
achieve this using nonzero chemical potential and a charged black hole in the bulk. We 
now have a new mechanism for obtaining a charged condensate at low temperature without 
turning on a chemical potential. The critical temperature is proportional to (—K) 1 ^ d ^ 2A -\ 
Various properties of these models and other condensed matter applications of multitrace 
deformations will be discussed in a forthcoming paper |28j . 

Another natural question relates to the nature of the ground state that results from this 
deformation. This depends on the details of the bulk potential and cannot be answered 
in generality. If the potential has a global minimum then the deformation should describe 
a flow to another CFT. This is not the case for unbounded potentials and this state may 
represent something more interesting on the field theory side. In particular, it would be 

10 Thcre is a large literature on the stability of multitrace deformations from the standpoint of the dual 
field theory. See, e.g., [25] and references therein. 
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interesting to find examples where the end state was confining. It seems likely this would 
require a first order transition and thus it is not clear how it will fit into our story. 

Having said all this it is important to emphasize that our results apply to bulk theories 
truncated to purely gravity plus scalar. It is possible that in the fully string theoretic 
realizations these boundary conditions lead to an instability outside of this truncation. An 
example of such an instability is to the fragmentation of branes from behind the Poincare 
horizon. This would correspond in the field theory side to matrix eigenvalues being forced 
out on to the coulomb branch. Since many CFTs with gravity duals have flat directions 
this remains a real possibility. The question of stability on the gravity side becomes that 
of studying the force on a probe brane. We cannot study this within our current setup and 
leave this question to the future. If there, this instability would be analogous to various 
instabilities that arise when turning on a non-zero chemical potential in gravity duals (see, 
e.g., [29]). 
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A Proof of the minimum energy theorem 

In this appendix, we give more details of the minimum energy theorem in sec. 7 for general 
mass and spacetime dimension. Consider a general Einstein-scalar system, with action 

S= l -J d d+l x^~g [R - (V0) 2 - 2V{<j>)] (A.l) 

where V = — d ( d ~ x ) 4- ^<fi 2 -f (9(0 4 )[^J and we are in the window 

m% F < m 2 < m 2 BF + 1, m 2 BF = -d 2 /4. (A. 2) 

The asymptotic behavior of 4> is 

where 



d d 2 



11 Note that here we have chosen coordinates where the AdS radius L = 1. 
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When the mass is in the above range, d ^ L < A_ < |. Boundary conditions are again 
described by an arbitrary function W(ai) with (5 = W'(a). To establish a minimum energy 
theorem, one introduces a superpotential P{<f>) satisfying 



V((j)) = (d- 1) ( — ) -dP 2 (A.5) 

Near 6 = Oj 



dP\ 2 
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for any constant s. We call the largest value of s for which P exists globally s c . Define a 
modified covariant derivative on a Dirac spinor \l/ 

V,* = + ^ P^r^ (A.7) 



and let 

= ^t v t p] v^ + h.c. (A.8) 

Given a spacelike surface S with boundary C, let \l/ be an asymptotically constant solution 
to Witten's equation: 

rVi* = (A.9) 

We further require that — \I>r M \I/ approach <9/<9t asymptotically. Such solutions were shown 
to exist in [T^ [6] . The spinor charge 

Q= [ *B (A.10) 
Jc 

can now be written as a manifestly positive volume integral over E, so Q > 0. The last step 
is to relate Q to the total energy of the spacetime. Choosing C to be a cut at constant t for 
simplicity, it was shown in [B] that 

..2, 



E = Q+ <j>[{A + -A_)W{a) + A_a(3}+ Urn j r d ~ 2A - -r d ^2{d - 1) f P 



d-1 

(A.n; 



where the integrals are over unit spheres at large r. Plugging in the form of P (A. 6) and 
asymptotic behavior of (A. 3) the divergent terms cancel and one obtains 

E > /[(A + - A_)W + a ° A -( A +- A -) | Q |rf/A-] (A.12) 



12 There is also a branch of solutions of the form P + = \ ^r^- H , + d? + . . ., however this does not 

+ V 2 2yj2{d-\y ' 

give us a finite energy bound [5], and only s = is allowed. 
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So as long as the integrand is bounded from below, the total energy will be also. As before, 
the key remaining question is for what range of s will solutions P s exist globally? One can 
again show that for most potentials V((f>), P s does exist globally up to a critical value s c > 0. 



B Fake supergravity equations 

Consider now boost invariant, plane symmetric configurations, 

dv 2 

ds 2 = r 2 (-dt 2 + dxidx 1 ) + 



9{r) 



One finds that g now satisfies an algebraic constraint 

2r 2 V((j)) 



g(r) 



r 2 cj)' 2 -d(d- 1) 



and the scalar wave equation is 



.// + | Sf_ + d \ jj v A<f>) 



0. 



%9 r J g 

We can reduce this second order equation to two first order ones via the ansatz 
. (rf-l)P^(0) 



rP(4>) 



which implies 
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d-l 



(d-^p'^y-dp^y^v^), 



r 2 P((/)) 2 . 



(b.i; 



(B.2) 



(B-3) 



(B.4) 



(B.5) 



Using the small <f> expansion of P in (A. 6), and plugging this into the fake supergravity 
equations we find 

1 S |«|( A +- A -)/ A - 



(j) = a 



A_a 2 



g = r 



+ ..., 



A i A_ 4s|a| d / A - 



(d - l)r 2 ( A — !) d{d-l) r d ~ 2 
The energy density of such a solution is [1] 



+ 



Ot 



d/A. 



(B.6) 
(B.7) 

(B.8) 



Therefore the solution corresponding to P c saturates the bound analogous to ( A. 12 ) for planar 



solutions. As before, solutions corresponding to s < s c will have P blow up exponentially 
and lead to naked singularities at r = 0, and we exclude such solutions. 
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C Spherical solitons 



We now relate the generalized minimum energy theorem in Appendix A to conjecture 1 in 
section 2. If we consider static solutions with spherical symmetry, an appropriate ansatz is 



ds 2 



-f(r)dt 2 + — + r 2 d£l k} = 0(r), 
g(r) 



(c.i; 



where dflk is the metric on a (d — l)-sphere with scalar curvature R sp here — (d — l)(d — 2)k. 
This parameterization allows us to easily study both asymptotically Poincare and global 



AdS solutions. The equations of motion coming from (A.l) are 

d-lfg' r 



9 f 



+ r< 



i/2 



0. 



9\f\ , 2 ( rf - 2 ) 2(cZ-2)fc _ Q 

9 f (d-l)g r rg 

9' , f , d-l\ ± , V\4>) 



2 9 '2f r r 9 (C ' 2) 
These equations have two symmetries. The first is simply rescaling time: t — > At, f — > f/A 2 . 
There is also a scaling symmetry which changes the asymptotics by rescaling the size of the 
S d ~\ 

a = ca, r = cp, 0(cp) = 0(p), g(cp) = c 2 g(p), f(cp) = c 2 f(p) k = c 2 k. (C.3) 



When we study the asymptotics, we find 



a (3 



ty i-\ . — i^-i/A 



g = r 2 + k 



A_a 2 



+ . . . 



(d _ l) r 2(A„-l) r d-2 

Given boundary conditions 



P = /3(a) = W'ia) 
for some function W(a), the total energy is jl] 

~d- 1 



E = Vo\(S 



d-l\ 



M + A_a/3 + (A+ - A_)iy 



(C.4) 
(C.5) 

(C.6) 
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If we consider static solitons (with k ^ 0), smoothness at the origin implies g ~ k, and an 
expansion at small r gives us 

Where fo is a free parameter corresponding to rescaling time, which we pick to obtain 
/ = k + r 2 + . . . at large radius. By changing O we obtain a one parameter family of 
solitons, from which we define a function f3o(a) and therefore Wo = — f (3oda. 

We are interested in the behavior of Wo (a) f° r large a. As in section 6, this can be 



extracted by the rescaling (C.3). Under the technical assumption that the c — > oo limit is 
smooth, so that <p can be expanded <fi = (p^ + k<p^ + . . ., then an immediate generalization 
of the argument in section 6 shows that in the planar limit, Wq takes the scale invariant 
form Sw f~ |a| d//A ~ for some s w . It follows that we recover boost invariance, and we must 
have s w = s c . Therefore W + W is bounded when W + Sw f~ |a| rf ^ A ~ is bounded, and our 
minimum energy theorem proves conjecture 1. 
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